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Abstract
Not completely positive map can come from the reduced unitary evolution of an initially sep-
arable state but not simply separable state. We extend the boundary of the initial states that
would guarantee completely positive maps under any unitary transformation. We prove that ini-
tial states with only classical correlations, the ones that follow Bayes conditional probability, lead
to completely positive maps. When quantum correlations are presents, the maps can become not
completely positive. The negativity of maps is shown to be a signature of initial quantum corre-
lations with the environment, and should be used as an experimental characterization technique.




Dynamical maps model the evolution of an open quantum system [1]. We consider the
density matrix for a bipartite state ρSE , which is composed of a system S and the environment
E . The total state evolves unitarily and its contracted with respect to the environment to
create an open system in the space of S.





Above B is the dynamical map, η is the initial state and η′ is the final state of the open
system. In this paper we will use η to represent the density matrices in space of the system
S and τ to represent density matrices in space of environment E . The action of a map can








If the total initial state is simply separable such that ρSE = η⊗ τ , it has been shown that
the corresponding dynamical map has positive eigenvalues for any unitary evolution [2, 3].












C(α) = 1. (3)
Any map that can be written in the form of Eq. (2) is completely positive [4, 5].
There has been some negative maps identified with unphysical operations. However,
completely positive maps are not the only maps with physical interpretation. For example,
maps coming from an initially entangled state that are evolved under a particular unitary
need not be completely positive [6]. In this paper we demonstrate that states that are
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classically correlated lead to completely positive maps. Simply separable states is a subset
of classically correlated states.
We start this paper with an example of a not completely positive from an initially sepa-
rable (but not simply separable) state. Then we discuss the meaning of classical correlations
in quantum mechanics. Next we prove that if an initial state has classical correlations, all
dynamical maps of the form Eq. (1) are completely positive. We describe how negativity
can be identified as a sign of initial quantum correlations, and apply this to a solid state
experiment.
II. A NOT COMPLETELY POSITIVE MAP FROM A SEPARABLE STATE
We start with a simple example that shows how a map with negative eigenvalues can
have physical interpretation. The simplest case for an open system evolution is where the




{1 ⊗ 1 + ajσj ⊗ 1 + c23σ2 ⊗ σ3} (4)
where j takes values {1, 2, 3}, and {σi} are Pauli spin matrices. This state is separable.








[1 + ajσj ] . (5)




σj ⊗ σj .
The unitary transformation representing the evolution of the system through time t is
given by:
U = eiHt = cos(ωt)1 ⊗ 1 − i sin(ωt)σj ⊗ σj .
We can solve algebraically for the final state of the system:
η′ = TrE [Uρ
SEU †]. (6)






1 + cos2 (2ωt) ajσj + c23 cos (2ωt) sin (2ωt)σ1
}
. (7)
If this evolution is thought of as an affine map [8], we can give a geometrical interpretation
to the evolution of the Bloch sphere representation of a qubit. The map is a squeezing of
the unit sphere into a sphere of radius cos2(2ωt), followed by a translation of magnitude
c23 cos(2ωt) sin(2ωt) in the σ1 direction.











1 + cos2 (2ωt)± cos (2ωt)
√




It is easily seen that λ3,4 are always positive, while for λ1,2 to be positive the following
inequalities must hold:
sin2 (2ωt) ≥ ±c23 cos (2ωt) sin (2ωt) . (8)
Clearly this condition will be violated for certain values of ωt. It has been previously
shown that not completely positive maps come from initial entanglement [6]. The example
shows that separable states can also lead to not completely positive maps. A similar example
has been worked out in [9]. The map can still have a physical interpretation as long as it is
applied to initial states that are compatible with the total state [6].
III. CLASSICAL AND QUANTUM CORRELATIONS
How do we define classical correlations? Werner identified two regimes in the space of
bipartite density matrices ρXY: classically correlated (separable) and quantum correlated





where pj ≥ 0 and
∑
j pj = 1. The entangled states cannot be written in the form above, as
they would require some pj to be negative.
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Ollivier and Zurek studied this question in the frame of conditional probability. Using
Shannon’s Information Entropy H [11], the conditional information can be expressed as:
J (X : Y) = H (X)−H (X|Y) ,
while the mutual information:
I (X : Y) = H (X) +H (Y)−H (X ∪ Y) .
They suggest that classical information should be identified with J and I being identical,
therefore following Bayes rule.
Quantum mechanical information differs from classical information in that the knowledge
about a system’s observable is gained by a particular measurement which depends not only





acting on the system X is chosen, the state obtained after a set of









Thus is used to define quantum analogues of mutual information and conditional infor-
mation, whose difference is called quantum discord. Using this measure, it is argued that a






These constitute a subset of separable states that include the simply separable states. Not
all separable states have only classical correlations; this contrasts with Werner’s definitions.
The converse yields that quantum correlations represent more than entanglement. We will
use the definition for classical and quantum correlations as described by Ollivier and Zurek.
IV. ONLY CLASSICALLY CORRELATED STATES GIVE POSITIVE MAPS
We will show that the states with only classical correlations will always lead to completely
positive maps under any unitary evolution. This is a more general class of states than simply
separable, which was the previously assumed necessary conditions for complete positivity
[9, 12].
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pjΠj ⊗ τj , (10)
with pj ≥ 0 and
∑
j pj = 1 and where τj are density matrices. The projectors {Πj} act
only on the states of the system. We want to evolve this initial state in the form of Eq.
(1) to find the dynamical map. Let us start by expanding Eq. (1) in terms of its matrix
elements:










The matrix elements’ indices are written as subscripts of the square brackets. We take





















Since {τj} are positive, we can take their square root. The trace is computed by making















It will not be necessary to keep track of each individual matrix element from this point on.

















m δjm. We use the idempotent property of the projectors(
Π2j = Πj
)



















The orthogonality of projectors (ΠmΠj = δmjΠj) allows us to drop the dependency of
D
(α)

































The last result is identical to Eq. 3 which proves that B is a completely positive map.
For states with quantum correlations we may not be able exploit the fact that the system
is composed of orthogonal elements only. This demonstrates that the evolution of an open
system that is initially classically correlated with the environment will be given by a com-
pletely positive map. Conversely, the evolution of an open system that has initial quantum
correlations with the environment may lead to not completely positive maps.
V. IMPLICATIONS FOR EXPERIMENTAL RESULTS
Not completely positive maps have been found in experiments, but were previously dis-
counted as unphysical aberrations. We propose that if after performing quantum process
tomography a not completely positive map is found, this should be considered as a signature
that our system had quantum correlations with the environment. Our definition of quantum
correlations is different from the ones considered in other previous studies by other authors
[9, 12].
Maps of processes are found experimentally using the procedure of quantum process
tomography [13]. This is a procedure where a number of known initial states, sufficient
to span the space of density matrices, is allowed to evolve through an unknown process.
The final state corresponding to each initial state is then determined by quantum state
tomography. With the knowledge of the initial and corresponding final states the linear
dynamical map describing this unknown process can be determined.
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We analyze a representative experiment of quantum process tomography on a solid-state
qubit performed by M. Howard et. al [14]. In this experiment, the system studied is a
qubit formed in a nitrogen vacancy defect in a diamond lattice. They start by initializing
the system state to η0. It would be ideal if the initial state was a pure state |φ〉〈φ|. The
population was found to be po = Tr [|φ〉〈φ|η0]. Its measured value was p0 = 0.7.
They argue that the population considered was high enough to treat the state as a
pure state |φ〉〈φ|. From this assumed state, a linearly independent state of projectors is
constructed stochastically, providing the states necessary to perform the process tomography.
The system is allowed to evolve, and the final states are determined. The map corresponding
to the process was found, and it had negative eigenvalues, making it not completely positive.
Then they decided to follow the common interpretation found in the literature and treat the
negative eigenvalues as aberrations and set to zero [15].
However, if we do not discard the negative eigenvalues as unphysical, this will yield
information about the initial preparation of the system. The assumption that it is reasonable
to make η0 → |φ〉〈φ| is probably not reasonable. If the system is in this state, then the total
state would necessarily be of the form:
ρSE = |φ〉〈φ| ⊗ τ. (19)
Maps coming from initially simply separable states of this form should completely positive
[3]. This contradicts what was found in the experiment.
In addition, it might seem reasonable to assume that the initial total state can be given
by:
ρSE = p0|φ〉〈φ| ⊗ τ ′ + (1− p0) |φ⊥〉〈φ⊥| ⊗ τ ′′, (20)
where |φ⊥〉 represent states that are orthogonal to |φ〉. States of this form will yiled the
measured population p0. However, a state like this have only classical correlations, and we
know that the map describing the evolution of such a system should only be completely
positive.
The non completely positive map found in this experiment would be an indication that
the initial state of the system is not only classically correlated with the environment. Given
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that the qubit is in a large crystal lattice, it is perhaps not very surprising that it had
quantum correlations with the surrounding environment.
VI. CONCLUSION
We have studied the effect of initial correlations with the environment on the complete
positivity of dynamical maps that describe the open-systems evolution. We proved that if
there are only classical correlations, then maps must be completely positive for any unitary
transformation. This result is more general than the previously known result for simply
separable initial states. We proposed that the negativity of maps should be interpreted
experimentally as a sign of initial quantum correlations. We analyzed an experiment using
this approach, and reinterpret their conclusions.
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